We consider induced topological transitions in a wire made from cylindrical superconducting film. During a transition, a pulse of electric current causes transport of a virtual vortex-antivortex pair around the cylinder. By applying a dual formulation, in which vortices are described by a fundamental quantum field, we show that there exists a useful adiabatic limit, when the probability to create a real vortex pair is exponentially suppressed, but the total transport of the vortex number can be of order one.
I. INTRODUCTION
Techniques for forming linear superpositions of states in various quantum systems have become of increasing interest recently, in connection with proposals for quantum computing and quantum communication. In some cases-for example, for a radiatively induced transition in an atom or a molecule-there is a readily available theoretical description based on perturbation theory. In other cases, such as a two-state system (qubit) formed by currentcarrying states in a SQUID [1, 2] , the transition may be nonperturbative, but the system can be reduced to only a few degrees of freedom, so that a numerical simulation is possible. In this way, one can discuss not only the amplitude transfer between the basis states, but also the residual excitation due to population of the higher levels [3, 4] .
There are cases, however, when neither of these traditional methods (perturbation theory or reduction to a few degrees of freedom) is adequate. Consider a qubit made from a loop of thin superconducting wire (or from a few thin-wire segments together with some bulk superconductors). As in the case of SQUID, the two basis states of the qubit correspond to different values of the persistent current or, equivalently, to two different values of the magnetic flux through the loop. In contrast to SQUID, however, transitions between these basis states are not localized at a single weak link (or a few of those) but can happen anywhere along the wire. We want these transitions to happen in a controlled way, which can be achieved by sending pulses of electric current through segments of the wire. A pulse will lower the potential barrier separating the basis states and thus encourage motion of flux across the segment. But even the individual segments are extended systems and need to be described by many degrees of freedom.
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Because of the absence of a microscopic weak link, we expect that, in a suitable implementation, a thin superconducting wire will not be subject to any shunting effects except for thermal quasiparticles. This, we believe, makes such a wire a promising qubit candidate, at least on a par with the more conventional SQUID designs. Possible implementations include a wire defined lithographically on a substrate and a semiconducting carbon nanotube coated with a superconducting film. In either case, the superconducting circuit has to be closed to allow a persistent current; in the second case, this presumably can be done using ordinary bulk superconductors. The thin-wire portion of the circuit will be an extended dynamical weak link, controlled by externally induced pulses of electric current.
As we have already noted, the theory of such devices has to be developed from an entirely different standpoint than the few-degree-of-freedom modeling common in the theory of SQUIDs. In this paper we develop an approach based on duality. This approach is particularly straightforward for the case of a thin type-II film on the surface of an insulating cylinder, if the circumference of the cylinder is larger than the coherence length of the superconductor (although not necessarily larger than the magnetic penetration depth). Below, we will see that a typical value for the circumference in this case is of order 1 µm. The reason why this is the simplest case is that the problem now has a natural set of excitations to which to apply duality: these are just the vortices of the two-dimensional superconductor. Construction of a dual description for a thin, genuinely one-dimensional wire (such as a coated carbon nanotube) is currently a work in progress.
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FIG. 1. A segment of wire made from cylindrical superconducting film. A pulse of current I(t) induces transport of a virtual vortex-antivortex pair around the cylinder.
Motion of the flux across a cylindrical wire can be viewed as creating a vortex-antivortex pair on one side of the cylinder, transporting them along the circumference, and annihilating them on the other side, see Fig. 1 . This process has been discussed in various contexts in the literature [7, 8, 9] . The use of duality allows us to study how this process is influenced by pulses of current along the wire. At the first-quantized level, our dual description coincides with that employed in the theory of vortex transport in arrays of Josephson junctions [10] (the parameters of course differ). The main novelty of our approach is that we apply duality at the second-quantized level, which enables us to consider effects of zero-point vortexantivortex pairs fluctuating "in and out of existence".
We should stress that when we speak about production of a vortex pair, transporting them around the cylinder, etc. we mean a virtual process, i.e. tunneling. Production of real vortices is detrimental to our goal, since these vortices would be easily "detected" by the environment (e.g. by electrons at the vortex cores), and that would result in rapid decoherence of quantum superpositions that we intend to form. To prevent decoherence, quantum switching should leave as little imprint on the environment as possible. The main result of the present work is that it is possible, at least theoretically, to use a slowly (adiabatically) changing current that has an exponentially small probability to create a real vortex but still leads to a sizeable transport of the vortex number around the cylinder.
The paper is organized as follows. Sect. 2 gives the duality map. Sect. 3 contains definitions of the amplitude transfer and of the residual excitation left in the system after the pulse (i.e. the number of real vortices produced). In Sect. 4 we study the adiabatic limit (a slowly changing current) and show that it is possible to have a sizeable amplitude transfer with exponentially small residual excitation. Some numerical estimates, in particular, an estimate of how long such an adiabatic process might take in practice, are given in Sect. 5. Sect. 6 is a conclusion.
II. DUALITY MAP
Our starting point is the Ginzburg-Landau action, which we view as a fundamental quantum description of our system. (We stress again the difference between this quantum description and the classical method of ref. [6] .) One may worry about other degrees of freedom, not present in the GL description. We note, first, that because we will avoid producing real vortices, normal electrons at vortex cores, which are a major source of dissipation in vortex states [11] , will not be particularly important here. We expect them to affect only the fermion determinant in the tunneling amplitude but not the main exponential factor. Second, we consider the case when the system is close to absolute zero, so thermal quasiparticles are not an issue. Quasiparticles may also be produced by the pulse, and just like vortices these will cause decoherence. However, under a suitable adiabatic condition, discussed in Sect. V, production of quasiparticles is exponentially suppressed, and they do not play a major role.
Thus, the action is
where d is the film's thickness,
e is the magnitude of electron charge (e > 0), and c is the speed of light; ζ, r, and s are parameters. We have already incorporated the condition that the film is thin, so that parallel fields penetrate inside undiminished. Greek indices run over values 0,1,2; Latin indices over 1,2. Sums over repeated indices are implied. Field a λ , dual to the electromagnetic field A µ , is introduced by rewriting the corresponding factor in the functional integral as a Gaussian integral:
The next step is to separate each of the original fields A and ψ into a short wavelength part due to vortices and a long wavelength part due to possible other effects. In particular, for the field strength we have
We define a (conserved) current of vortices as
Thus a state with J 0 = cδ(x) carries precisely a unit flux quantum Φ 0 = 2π/g of F (vort) . To obtain a dual description of vortices, we introduce a new complex field χ with a unit charge with respect to the field a. The action of the vortex field is taken in the form
This is a "relativistic" action, except that the role of the speed of light is played by some other speed c 1 . The meaning of c 1 is as follows. A vortex is characterized by a threshold energy, or frequency, required to produce a pair; the "mass" M in (6) is half of that frequency. Note that during a pulse of current, this "mass" itself becomes a function of time. Before and after the pulse M(t) = M 0 . But a vortex is also characterized by an inertial mass M, which determines its kinetic energy. The speed c 1 is defined by
This is precisely analogous to how the speed of light relates the energy and the mass of an ordinary elementary particle (Einstein's Mc 2 formula). As will be shown later, c 1 can be estimated as c 1 ∼ (ξ/δ)c, where ξ is the coherence length of the superconductor, and δ is the London penetration depth:
Thus, in the extreme type-II limit, the speed c 1 is always much smaller than the speed of light. Note that in a thin film δ determines the strength of the London current, but not necessarily the size of the region over which the magnetic flux of a vortex is confined. The "relativistic" form of (6) may seem ad hoc, but in fact the form of the vortex action is highly constrained by symmetries. For example, the presence of a conserved vortex current dictates that χ should be a complex field, while the possibility of pair production dictates that the kinetic term should be quadratic in the time derivative (in contrast, say, to eq.
(1)). The absence of terms with higher spatial derivatives is a good approximation as long as wavenumbers do not exceed a certain ultraviolet cutoff, which we expect to be of order of the lattice spacing. Finally, self-interaction of the vortex field (higher-order terms in χ) can be neglected as long as vortices are sufficiently rare.
The full action of our dual description is then
The vortex current in this description is given by the usual formula J λ = −δS χ /δa λ . In particular, the spatial components are
From (9), we obtain an equation for a in the form
Combined with eqs. (4) and (5) this is seen to be completely equivalent to the saddle-point condition for the integral (3), i.e. to the original definition of a.
Equation of motion for χ is obtained from (6) and reads
When we use (11) in this equation, we obtain not only an interaction of vortices with the longwave field F (long) µν (due to the first term on the right-hand side of (11)), but also an interaction of vortices with each other (due to the second term). However, if only a few vortices are present, their interaction with each other is negligible, so we can neglect the vortex current when substituting (11) in (12) . In this case, components of a reduce to long wavelength E and B fields:
Eq. (12) is a second-quantized description of vortices, which allows us to study effects due to virtual vortex-antivortex pairs. In the limit when such fluctuations are neglected (not a suitable limit here), eq. (12) gives rise to a first-quantized description, in which a vortex of mass M moves under action of a Lorentz force built from dual electric and magnetic field. These fields, e = −∇a 0 − (1/c)∂ t a and b = ∇ × a can be expressed through the electric current and charge density, using (13) and Maxwell's equations. The resulting expressions coincide with those appearing in the first-quantized theory of ref. [10] .
Eq. (12) simplifies if we restrict our attention to the specific configuration that we have in mind, namely a film that is rolled in the x direction to acquire a cylindrical shape. A pulse of electric current will be applied in the y direction. The resulting field E y will induce a virtual pair of vortex and antivortex to travel along the circumference of the cylinder (i.e. in the x direction). So, we set E x = B z = 0, and E y = E(t). Note that although the motion of vortices creates electric field, this field should not be included in E(t), which contains the long wavelength component only. For the present configuration, E is independent of x and y. Thus, the equation of motion takes the form
The two time-dependent parameters in (14) , E and M, should be expressed through a single function of time-the electric current. Detailed expressions will be given in the subsequent paper [12] , but will not be needed here. Instead, we proceed to describe the quantities that we want to calculate on the basis of eq. (14).
III. OBSERVABLES
We will be interested primarily in two observables. The first is the average vortex current. The corresponding operator is given by (10) ; in our present case, only J x is nontrivial. To reduce the number of factors ofh in the subsequent formulas, it is convenient to introduce instead of χ a new field
Then,
For our cylindrical configuration, the field X satisfies periodic boundary condition in the x direction. The boundary condition in the y direction will not matter. The Fourier expansion of X is
where k = (k x , k y ), α and β are the usual annihilation operators, and the mode functions satisfyf
with a time-dependent frequency
To achieve the correct commutation relation between X and ∂ t X, the mode functions f should be normalized by the condition
where V is the total two-dimensional volume. At some initial time t = t i , before the pulse, we have E(t i ) = 0 and M(t i ) = M 0 , so we can use the usual plane-wave exponentials as initial conditions for f k (t). Equivalently,
where
. Eq. (18) with the initial conditions (21)-(22) can be used for numerical studies of vortex transport. Results of such a study will be reported in the forthcoming paper [12] .
Substituting (17) in (16), and assuming that the quantum state of the system is the vacuum of the operators α and β, we obtain the average current as
The integral of this over time gives the average total vortex number transported around the cylinder (i.e. in the x direction), per unit length in the y direction. So, it measures the efficiency of the amplitude transfer between the basis states of the qubit. The second quantity of interest is a measure of the residual excitation left in the system after the pulse. It is simply the total average number of vortices left at some final time t = t f and is obtained as the sum k n k (t f ) of the occupation numbers of all the individual modes. These occupation numbers, as functions of time, are given by
Our next goal will be to show that a sufficiently slow, adiabatic, change in E and M can lead to a sizable transport of the vortex number, while leaving n k (t f ) exponentially suppressed.
IV. ADIABATIC LIMIT
When the frequency (19) for each mode changes with time slowly (adiabatically), i.e.
the adiabatic theorem [13] guarantees that particle production will be absent in any finite order in |∂ t ω k |/ω 2 k . In other words, n k (t), which was zero initially, will remain zero to exponential accuracy. The mode functions can then be approximated by WKB-type expressions:
Substituting this into (23), we obtain the average current as
where we have introduced notationẼ
The summand in (27) depends on k x only in combination k x −Ẽ, and it is odd in that combination. So, if we could replace the sum over k x by an integral and make a shift of the integration variable, we would prove that (27) is zero. There are, however, two obstructions to this procedure. First, the integral needs an ultraviolet regularization, which should be symmetric in k x , not in k x −Ẽ. As a result, the far ultraviolet modes contribute a finite amount proportional toẼ. Second, the difference between the sum and the integral results in a correction, which is periodic inẼ with period 2π/L x , where L x is the circumference of the cylinder. This correction vanishes whenẼ is an integer multiple of π/L x , but is finite otherwise. It will be important for us to understand the structure of this correction.
To make the argument more transparent, let us consider the case of a weak electric field, |Ẽ| ≪ 2π/L x , so that we can expand the expected periodic correction inẼ. To simplify things even further, we will also assume that
Then, we can expand 1/ω k in (27) inẼ, to obtain
The first term in the braces gives zero upon summation over k x (assuming a symmetric ultraviolet cutoff), so we have
To compute the sum over k x in (31), we use the representation
in our case
Under the condition (29), b is large, and we can expand the integral in (33) in e −2b . We obtain
If we were to neglect the discreteness of modes, i.e. replace the sum on the left-hand side of (35) with an integral, we would obtain only the first term in the bracket. According to (31), the average current due to this term is proportional to E, with no other timedependent factors (the factors of m 2 cancel out). In the absence of sources of dissipation, such as pair-produced quasiparticles or real (non-virtual) vortices, we have E = −(1/c)∂ t A, so the integral of E over time is zero. Thus, the total vortex number transported around the cylinder is determined entirely by the exponential correction in (35).
The form of this correction is consistent with our interpretation of the transport as tunneling. Indeed, suppression of tunneling in toroidal superconductors (or other systems supporting vortices) by exp(−const.L x ) is well-known [7, 8] . It is gratifying that we recover it here in our dual description.
The remaining sum over k y can be replaced by an integral and easily evaluated, noting that, at large values of b ′ , e −2b confines k y to rather small values: c
′ . Thus, in the limit (29) we finally obtain
This quantity has dimension of inverse length, as it gives the transported vortex number per unit length of the cylinder.
The exponential suppression seen in (36) is of entirely different origin-and, hence, generally of different magnitude-than the adiabatic suppression of n k . To remove the exponential suppression in (36) altogether, we need, at some time t during the pulse, to go just outside the limit (29), i.e. achieve the condition
(At this point, the single-instanton approximation (36) breaks down, and the multi-instanton effects corresponding to O(e −4b ) terms in (35) become important.) Eq. (37) will not jeopardize adiabaticity provided that the characteristic timescale t p of the pulse (e.g. the ramp time) satisfies
On the other hand, one can choose parameters of the device so that, before and after the pulse, the probability of random "errors", i.e. spontaneous transitions between the basis states, is vanishingly small. (The amplitude of such spontaneous transitions is proportional to exp(−M 0 L x /c 1 ), the exponential of the Euclidean action for transporting a vortex around the cylinder.)
V. NUMERICAL ESTIMATES
Let us summarize various conditions we have obtained so far on the parameters of the system. One is the inequality (38), which is the condition that a significant (order 1) vortex number transport is compatible with the adiabatic suppression of production of real vortex pairs. Another is the condition of exponential suppression of spontaneous tunneling transitions ("errors"):
The quantity λ here, of the dimension of length, is analogous to the Compton wavelength of an elementary particle.
To (38) and (39), we should add the condition that pair production of quasiparticles is also exponentially suppressed (since quasiparticles, like vortices, lead to decoherence) and the condition that the coherence length of the superconductor remains smaller than L x , so that vortices remain well defined. These two conditions should be written so as to take into account the reduction of the superconducting gap∆, and the corresponding increase in the coherence lengthξ, during the pulse:
Quantities without the bar denote the unperturbed values, i.e. those before and after the pulse. We now obtain estimates for M 0 , c 1 , and λ.
From the GL action (1), M 0 , which was defined as half of the threshold frequency required to produce a real vortex-antivortex pair, can be estimated as
Here ψ 0 is the order parameter in the absence of current. The estimate (42) neglects the logarithmic enhancement present when the length scale over which the magnetic flux of a vortex is confined is much larger than the vortex core radius. However, this estimate will be sufficient for our purposes. Using (8), we can rewrite it as
where α EM is the fine structure constant.
The speed c 1 can be found from (7) by using (43) and the estimate obtained in [9] for the inertial mass M (cf. ref. [14] ):
We have restored the most obvious numerical factors dropped in the derivation of ref. [9] .
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We obtain
The vortex's "Compton wavelength" is now obtained from (39) as
For numerical estimates, we will use the following values: d = 10 nm, ξ = 30 nm, and δ = 100 nm. Then, according to (46), λ ∼ 35 nm, and (39) suggests that to suppress spontaneous transitions it is sufficient to use L x of order 1 µm. Comparing (37) and (39), we see that in this case the pulse will need to reduce the vortex "mass" M by a factor
Because M(t) depends quadratically on the gap∆(t) (cf. (42)), eq. (47) corresponds to a reduction in∆, and an increase inξ, by a factor of order 5. For a superconductor with a quasiparticle gap ∆ = 10 K, this turns the condition (40) into So, for the above values of the parameters, adiabaticity with respect to quasiparticle production is a stronger condition than adiabaticity with respect to production of vortices. Finally, the condition (41) can be easily verified. Because both varieties of the vortex mass-the pair-production "mass" M 0 , and the inertial mass M-are accumulated at the vortex core, i.e. in a region of linear size of order ξ, they are significantly modified when L x becomes comparable to ξ. This is the crossover to the case of a one-dimensional wire where, as we have already mentioned, our duality map no longer applies. Nevertheless, we expect that vortex transport in this case will be given by a formula similar to eq. (36), in which the speed c 1 in the exponent should be replaced by some other speed. This new speed should characterize ordinary elementary excitations, rather than vortices, because vortices are no longer well defined. An instanton calculation (not using duality) shows that in the limit L x , d ≪ ξ the relevant speed is of order v s = (2sζ|ψ 0 | 2 ) 1/2 /h, where ζ and s are parameters in the GL action (1). The speed v s is the speed of Bogoliubov's phonons in the superfluid, into which our superconductor turns in the limit of vanishing gauge coupling (i.e. in the limit δ → ∞).
VI. CONCLUSION
Our main result is the demonstration that for topological transitions, involving transport of magnetic flux across a cylindrical superconducting wire, there exists a useful adiabatic limit. In that limit, the probability to produce real vortex or quasiparticle pairs is exponentially small (as might be expected), but the transport of the vortex number due to virtual vortices can in principle be of order one.
Our calculation was limited by the condition that the circumference of the cylinder exceeds the coherence length ξ, so that vortices are well defined. We expect, however, that similar results will apply also to genuinely one-dimensional wires, with circumference smaller than ξ. We are currently working on construction of a duality map for this case.
An interesting property of qubits based on thin superconducting wires is that they can coupled directly, rather than inductively, to form quantum gates. For example, a pulse of current through the middle vertical segment in Fig. 2 could transport a unit of flux from one loop to another (a swap gate). Inductive couplings, such as those suggested for the SQUID designs [1, 2] , are also possible.
An adiabatic transition, i.e. a slow switching on and off of the current, avoids decoherence that would otherwise follow from production of real vortices or quasiparticles. There are other possible sources of decoherence, in particular those due to components of the environment, such as nuclear or impurity spins, that are sensitive to the magnetic fields of the loops. We do not expect the situation here to be worse than for the conventional SQUID designs [1, 2] , but plan to carry out a detailed study of this question in the future.
The author thanks Dane Bass and Albert Chang for discussions.
FIG. 2.
A superconducting circuit containing thin wires. Different thin-wire segments (thick lines) are joined by bulk superconductors. (It is possible, in principle, to have a device made entirely of thin wires.) If inductive coupling between the loops is negligible, pulses of current through a wire separating two loops will perform two-qubit operations, while pulses through wires separating the loops from the outside-single-qubit operations. The pulses are delivered via additional circuits, either directly or inductively coupled (not shown).
